We calculate the magnetic moments of the pentaquark states from different models and compare our results with predictions of other groups.
Introduction
The surprising discovery of a very narrow baryon state around 1540 MeV with strangeness S = +1 by LEPS [1] , DIANA [2] , CLAS [3] , SAPHIR [4] Collaboration shall be a milestone in the hadron spectroscopy, if this state is further established experimentally. The positive strangeness means that the valence quark number inside this baryon is five. Such a state is definitely beyond the conventional quark model. In literature this state is called Θ + pentaquark.
The ITEP Collaboration observed a narrow baryon resonance in the invariant mass of pK 0 s system formed in the neutrino and anti-neutrino collisions with nuclei [5] . Another very important confirmation of possible existence of pentaquark states came from high energy collision experiment. NA49 Collaboration found evidence for the existence of a narrow baryon resonance with Q = −2, S = −2, I = 3/2 and mass of (1.862 ± 0.002) GeV/c 2 [6] . Very recently, CLAS Collaboration observed the Θ pentquark with a mass (1555 ± 10) MeV in the nK + invariant mass spectrum in the reaction γp → π + K − K + n with a statistical significance of (7.8 ± 1.0)σ [7] . They found no excess of events in the pK + invariant mass spectrum in the reaction γp → K − K + p, which supports Θ being an isoscalar. Previously the same group had already observed this exotic baryon at (1542 ± 5 MeV in the the nK + invariant mass spectrum in the reaction γd → K − K + pn [3] . One should keep in mind that Quantum Chromodynamics (QCD) as the underlying theory of the strong interaction does allow the possible existence of the non-conventional hadrons with the quark content other thanor. Some examples are glueballs (gg, ggg, · · ·), hybrid mesons (qqg), and other multi-quark states (,,,, · · ·). In fact, hybrid mesons are found to mix freely with conventional mesons in the large N c limit [8] . However, despite extensive experimental searches in the past two decades, none of these states has been firmly established until the surprising discovery of pentaquarks [9] .
These experiments have triggered heated discussions of the interpretation of these resonances and their quantum numbers [11] - [35] . Historically, the partial motivation of the recent experimental search of the pentaquark state came from the work by Diakonov et al. [10] . They proposed the existence of the J P = 1 2 + Θ pentaquark at 1530 MeV with a very narrow width in the chiral soliton model (CSM). However, such a picture is challenged by Refs. [11, 12, 13] . It was pointed out in [11] that identifying N(1710) as a member of the anti-decuplet in the CSM is kind of arbitrary. Using a more reasonable value for the N(1710) decay width as the input may lead to a big width of Θ + particle exceeding the present experimental upper bound. Another serious challenge to the chiral soliton model came from the large N c consistency consideration by Cohen [12] , in which he concluded that the prediction for Θ + properties based on collective quantization of CSM was not valid. The reason is that collective quantization is legitimate only for excitations which vanish as N c → ∞. In Ref. [13] it was shown that the exotic state may be an artifact of the rigid rotator approach to the Skyrme model for large N c and small m K . Moreover, the mass of the pentaquark state with the quark content (dsdsū) is rigourously predicted in the chiral soliton model to be 2070 MeV, which is 210 MeV higher than the experimental value measured by NA49 Collaboration [6] .
Although it is very difficult to obtain a Θ pentaquark using the picture of constituent quarks, it is still possible to accommodate such a low mass in other theoretical approaches. For example, the Θ pentaquark mass from QCD sum rule formalism [14, 15] and lattice QCD simulation [16] is consistent with the experimental value. Treating the pentaquark as the bound state of two tight bound diquarks and one anti-quark or as the bound state of a diquark and a triquark may also lower its mass [17, 18, 19] .
Up to now, the parity and angular moment of the Θ + particle have not been determined experimentally. Because of its low mass, most of theoretical work postulated its angular momentum to be one half. But it was pointed out that the possibility of J = 3 2 still can not be excluded completely [20] .
As to its isospin, there was only preliminary hint that Θ + might be an iso-singlet from the featureless M(K + p) spectrum in the CLAS measurement [3] . From the absence of a signal in the pK + invariant mass distribution in γp → pK + K − at the expected strength SAPHIR Collaboration concluded that the Θ + must be isoscalar [4] . The recent CLAS experiment found no resonant structure in the pK + spectrum in the reaction γp → K + K − p, strongly suggesting that Θ particle be an isoscalar [7] . So we think its isospin has been cross-checked by two experimental groups independently. At the same time, most of theoretical papers assumed the Θ particle is an isoscalar.
The parity of the Θ pentaquark is still a big puzzle. Up to now theoretical papers in the literature can be roughly classified into two types according their assumption of Θ parity. It's interesting to note that QCD sum rule approach [14, 15] , lattice QCD calculation [16] and some models [21, 22, 23] favors the negative parity.
Many other theoretical papers assume positive parity for Θ pentaquark as in the original Ref. [10] . A typical example is the diquark model proposed by Jaffe and Wilczek [17] .
They suggest that the observed Θ + state is composed of an anti-strange quark and two highly correlated up and down quark pairs arising from strong color-spin correlation force [17] . They treat the diquarks as structure-less point particles obeying Bose statistics. The requirement of symmetric overall wave functions for the diquark pairs demands the orbital angular momentum between them to be odd since color wave functions are antisymmetric now. So the resulting parity of Θ + baryon is positive. They predicted the isospin 3/2 multiplet of Ξ −− 5 (ddssū) with S = −2 andJ Π = 1 2 + around 1750 MeV. Such a state with the same quantum number was observed by NA49 but with a much higher mass at 1860 MeV [6] .
Replacing the pair of scalar diquarks with one scalar and one tensor diquark, Shuryak and Zahed argued that the pentaquark mass may be lowered in this way [19] . The reason is that the orbital excitation between diquarks is no longer necessary, although the tensor diquark mass is slightly higher than the scalar one. The orbital excitation between the up and down quarks inside the tensor diquark ensures that the overall parity of the Θ particle is positive.
An even simpler picture came from Karliner and Lipkin's diquark triquark model [18] . In their model the two color non-singlet clusters are kept apart by the P-wave angular momentum barrier. Hence the color magnetic interaction occurs within two clusters only. Between two clusters the color electric forces bind them into a color singlet. The presence of P-wave ensures the overall Θ parity is positive.
The Θ parity is very challenging, but the more challenging one to theorists is the extreme narrow width of the Θ particle. This baryon has such a narrow width that all experiments can only set an upper bound. There is even stringent limit arising from recent analysis that its width is less than several MeV [24, 25, 26, 27] .
Experience with the conventional excited hadron shows that its width is around one hundred MeV or even bigger if it lies 100 MeV above threshold and decays through Swave or P-wave. For comparison, S = −1 hyperon Λ(1520) D 03 state is in the mass region as the Θ pentaquark. Its angular momentum and parity is J P =
2
− . Its dominant two-body decay is of D-wave with final states NK, Σπ. With a smaller phase space and higher partial wave, the width of Λ(1520) is 15.6 ± 1.0 MeV [9] . In contrast, Θ decays through either S-wave or P-wave with a total width less than several MeV, corresponding to negative or positive parity respectively. Such a comparison is really disturbing.
Experimentally many pentaquarks are produced. DIANA Collaboration used K + beam to produce pentaquarks. Naively, a big production cross section seems to indicate that the hadronic coupling between kaon, nucleon and pentaquarks is not small, which in turn might lead to a large decay width when the pentaquark decays. Such a naive expectation is in conflict with the present experimental observation.
If these states are further established and confirmed to have such a narrow width, there must be some mysterious selection rule which is absent from the conventional hadron interaction. Uncovering and understanding such an underlying selection rule would be a top priority to theorists.
We have estimated the mass of the pentaquark state with QCD sum rules and found that the lowest pentaquark state lies around (1.55 ± 0.15) GeV [14] . The baryon magnetic moment is another fundamental observable as its mass, which encodes information of the underlying quark structure and dynamics. We have also employed the light cone QCD sum rules to extract the magnetic moment of the Θ + particle and found its value is quite small [28] .
A first-principle dynamical determination of the pentaquark quantum numbers is still not feasible right now. In this paper, we shall start from different models available in literature and study their phenomenological prediction, namely the magnetic moments of pentaquarks. We shall calculate the pentaquark magnetic moments in several typical models. They include (1) Jaffe and Wilczek's model [17] , (2) Shuryak and Zahed's model [19] , (3) Lipkin and Karliner's model [18] , (4) Strottman's model [29] . Different models generally yield different values. This in turn will affect the photo-production cross sections of pentaquarks. Such a study will deepen our knowledge of pentaquark states and may help us explore its dynamics and distinguish so many models in the literature.
Our paper is organized as follows: Section I is an introduction. A brief review of this field is presented. In Section II-III we calculate pentaquark magnetic moments in the Jaffe and Wilczek's model and Shuryak and Zahed's model respectively. In Section IV we perform the same calculation in Lipkin and Karliner's model treating pentaquarks as a bound state of a diquark and triquark. In Section V we perform the calculation in Strottman's model, treating pentaquarks as a cluster of four quarks and one anti-quark. Our discussions are given in Section VI, where we also compare our result with other groups' prediction.
Pentaquark As A Bound State of Two Scalar Diquarks and One Anti-quark
In Jaffe and Wilczek's (JW) model [17] , the pentaquark Θ + is composed of two highly correlated identical scalar ud-diquarks and one anti-strange quark. The orbital angular momentum between the two scalar diquarks is L = 1 while there is no orbital excitation inside any diquark. This approach can lower the mass of Θ + while other uncorrelated models can't. The idea of diquark is based on the strong chromomagnetic attraction between up quark and down quark when the diquark is in the color3 channel. According to JW's model, there will be a J = 
(dsdsū). Θ
+ is at the apex of the antidecuplet and the other two are at the bottom corners. They also predicted their corresponding masses of these exotic baryons. In this section, we will calculate the magnetic moments of these pentaquarks in this model.
In JW's model, each diquark is in the antisymmetric3 c color representation. The spin wave function of a scalar diquark is antisymmetric and the space wave function is symmetric. Thus the scalar diquark has positive parity. Because of the Pauli principle, the total wave function of the diquark must be antisymmetric. So the diquark must be in the antisymmetric3 f (Table 1) . We may treat a [ud]-diquark as an "effective" s-antiquark, [ds]-diquark as u-antiquark, and [su]-diquark as d-antiquark in flavor and color symmetry
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,0) (
) (- As a composite boson, the total wave function of the two diquark system must be symmetric under the diquark exchange. The color part is antisymmetric. The spin wave function is certainly symmetric in the case of scalar diquarks. Since the Θ + particle is assumed to be an isoscalar, the diquark-diquark in Θ + also has I = 0 and its SU f (3) flavor wave function is in6 f , which is symmetric for exchanging the two diquarks. So the spatial wave function of diquark-diquark is antisymmetric, which implies the orbital angular momentum between the two diquarks is odd. Thus the parity of the two diquark system is negative. Finally the two diquarks combine with an antiquark to form the exotic pentaquark state. The total angular momentum and parity of the pentaquark will be J P = Table 2 . [ds] 
The magnetic moment of a compound system is the sum of the magnetic moments of its constituents including spin and orbital contributions,
where g i is the g-factor of i-th consituent and µ i is the magneton of i-th constituent
Treating the scalar diquarks as composite bosons, the pentaquark can be regarded as a three-body system consisting of two scalar bosons and a spin- 1 2 fermion. Thus
It is clear from the above equation that the pentaquark magnetic moment arises from the spin of the antiquark and the relative angular momentum between the two scalar diquarks which are labelled as 1 and 2. The orbital magnetic moment µ l of a pentaquark in this model is defined as
The spatial part of the diquark-diquark wave function can be separated into the overall center-of-mass motion and the relative motion
where
is the position of the center of mass and
is the relative position between the two diquarks. Now we calculate each diquark's orbital angular momentum.
Since the pentaquark is a bound states of multi-quarks, the average momentum of every quark is zero: p i = 0. So we have P = 0 and p = 0, from which we get:
(Y, I, I 3 ) Anti-decuplet Magnetic Moments (2,0,0) Table 3 : Expressions of the magnetic moments of the anti-decuplet pentaquarks in Jaffe and Wilczek's model [17] . l = r × p is just the diquark-diquark's relative orbital angular momentum. L = R × P is the diquark-diquark's orbital angular momentum for the motion of center of mass. The pentaquark states are assumed to have only a relative angular momentum l = 1 between the diquarks. Thus L = 0 which is manifest in the center of mass frame.
Similarly we get
Now for the magnetic moment of the two diquark system, we have
Finally the magnetic moment of a pentaquark reads
We present the expressions of the pentaquark magnetic moments in Table 3 and 4. We use m u = m d = 360 MeV m s = 500 MeV and two sets of diquark mass parameters to compute the magnetic moments of these J P = Table 4 : Expressions of the magnetic moments of the octet pentaquarks in Jaffe and Wilczek's model [17] .
which lies at (-1,- In this case, Θ + is still assumed to be composed of three constituents. Shuryak and Zahed (SZ) regarded the pentaquark as a bound state of one scalar diquark, one tensor diquark and one anti-strange quark without any relative angular momentum excitations [19] . In this arrangement, they claimed that they can get much lighter states than in JW's model. Now the tensor diquark is in the antisymmetric3 c representation and its flavor is 3 f . To get a I = 0 Θ + , the diquark-diquark must be still in the symmetric flavor6 f representation. Thus the flavor wave functions of the pentaquark states remain the same as in JW's model after adding the single anti-quark. However, the spin (i.e. the total angular momentum) of the tensor diquark is chosen to be J = 1. The Pauli principle demands that there is at least an orbital excitation l = 1 between two quarks that compose the tensor diquark and thus the total spin of the two quarks inside the tensor diquark is one. So the parity of the tensor quark is negative. As a result, all of the eighteen pentaquark states have positive parity as in JW's model while a pentaquark's spin is either J = . The magnetic moment of a pentaquark in SZ's model is Table 5 : Numerical results of the magnetic moments of10 and 8 pentaquarks in unit of µ N in Jaffe and Wilczek's model [17] . For set I we use m ud = 720 MeV, m us = m ds = 900 MeV and for set II we use m ud = 420 MeV, m us = m ds = 600 MeV.
The magnetic moment of a pentaquark comes from the spin of the antiquark and the spin of the tensor diquark which is labelled 2. The tensor diquark's g-factor can be calculated first from its two components of an iquark and a j-quark
where g = 2 is the quark g factor. The orbital magnetic moment µ l of the tensor diquark in this model is
The g factor of the tensor diquark can be evaluated with
Or
We list the expressions of their g factors here from this model: 
0.33 Table 7 : Expressions of the magnetic moments of the octet pentaquarks and their numerical results in unit of µ N in Shuryak and Zahed's model [19] .
Θ + 's magnetic moment in this case is:
Other expressions are presented in Table 6 and 7.
We give the numerical results in Table 6 and 7 using the following parameters: quark masses, m u = m d = 360 MeV, m s = 500 MeV, and tensor diquark masses, m 
)
[ds]{dsū} -0.43 
Pentaquark As A Bound State of A Diquark and Triquark
In Karliner and Lipkin's (KL) model [18] , the pentaquark is divided into two color nonsinglet clusters: a scalar diquark and a triquark. In this picture the diquark-triquark system exists in a relative P -wave. The angular momentum barrier prevents them from rearranging into the usual KN system. The two quarks in the triquark are in the symmetric 6 c representation. They couple with the antiquark to form an SU(3) c triplet 3 c . The two quarks are in the anti-symmetric flavor3 f representation and the triquark is in the symmetric6 f . Thus the spin of the two quarks is symmetric and the spin of the triquark is one half.
The direct product of the3 f of diquark and the6 f of triquark leads to10 f and 8 f pentaquarks. There is one orbital angular momentum L = 1 the diquark and the triquark. The resulting J P of the pentaquark is 1 2 + . We list the flavor wave functions in Table 8 and 9.
The intrinsic magnetic moment of the triquark is defined as 
The pentaquark state is constructed from a four quark cluster q 4 and an anti-quarkq. Both the four quark cluster and the single anti-quark are specified by their SU(6) representation [f ], SU f (3) representation (λµ) f , SU(3) c representation (λµ) c , and quantum numbers spin S i , isospin I i and hypercharge Y i respectively. The (00) c color singlet pentaquark state is further specified by its SU(6) representation [f ] t , and quantum numbers spin S, iso-spin I and hypercharge Y . Since the anti-quark is in color (01) c representation, the four quark cluster must be in (10) c to form a color singlet pentaquark state. From the Pauli principle, the total wave function of the four quark cluster must be anti-symmetric which requires that its SU f (3) representation (λµ) f is conjugated to the SU(6) representation [f ]. The calculation [29] showed that all the 1 2 − pentaquarks with mass less than 1900 MeV belong to the single SU(6) representation [21] .
For the Θ + particle, its quantum numbers are (J, Y, I, I 3 ) = (
, 2, 0, 0). The lowest energy state was predicted around 1.70 GeV and has the four quark cluster in SU(6) representation [22] (the conjugated SU f (3) representation of the four quark cluster is (02) f ). With the Clebsch-Gordon coefficients we get [29] ,
Hence the four quark cluster must be spinless and does not contribute to the pentaquarkcmagnetic moment, which is only determined by the singles anti-quark ) respectively [29] . The lowest energy state was predicted around 1.90 GeV with the four quark cluster in SU(6) representation [22] , which has a total spin I = 0. Thus the Ξ −− 5 and Ξ + 5 pentaquark's magnetic moments are determined by theū andd anti-quarks respectively.
If the four quark cluster in a pentaquark favors the SU(6) representation [22] , the flavor of the four quark cluster will be the conjugated SU f (3) representation (02) f . The total flavor symmetry of the pentaquark states will be (02) × (01) = (11) + (03),
including an 8 f and a10 f (clearly, the above exotic states belong to the10 f representation). The magnetic moments of all these pentaquark states are determined by the single anti-quark only.
Ref. [31] 0.2 ∼ 0.3 --Ref. [32] 0.2 ∼ 0.5 --Ref. [30] 0.08 ∼ 0.6 − − Ref. [28] (0. and Ξ + 5 from other group's calculation with the present work using different pentaquark models in literature. The numbers are in unit µ N .
Discussions
Several theoretical papers have already discussed the Θ + magnetic moments. In Ref.
[31] Kim and Praszalowicz derived relations for the anti-decuplet magnetic moments within the framework of chiral soliton model in the chiral limit. The Θ + pentaquark magnetic moment is estimated to be (0.2 ∼ 0.3)µ N [31] .
In Ref. [32] , Nam, Hosaka and Kim first estimated the anomalous magnetic moment κ Θ of the Θ pentaquark when they discussed the photoproduction of Θ + from the neutron. A quark model calculation of the Θ + magnetic moment using Jaffe and Wilczek's model was also performed in Ref. [30] , where Zhao arrived at µ Θ + = 0.13 e 0 2m Θ + (34) for the positive parity Θ + pentaquark. He also discussed the possibility of Θ + parity being negative. In this case he estimated its magnetic moment as the sum of (us) and (udd) clusters. Numerically µ Θ + = e 0 6m s .
These results are exactly the same as what we got for Θ + piece in Section 2 in Jaffe and Wilczek's model and in Strottmann's model in Section 5.
We have estimated the magnetic moment of the Θ + pentaquark state in the framework of light cone QCD sum rules using the photon distribution amplitude. We have obtained a quite small value: |µ Θ + | = (0.12 ± 0.06)µ N [28] .
In Table 10 we have collected all available predictions of the magnetic moments for Θ + , Ξ and Ξ + 5 vary significantly, which in turn will affect the photo-production or electro-production total and differential cross sections. With the accumulation of events, pentaquark magnetic moments may be extracted from the comparison between theoretical and experimental cross sections eventually in the near future, which may help distinguish different models and deepen our understanding of the underlying dynamics governing their formation.
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